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Abstract. Within a mathematical model, the process of interaction of the metabolic processes such as 
glycolysis and gluconeogenesis is studied. As a result of the running of two opposite processes in a cell, 
the conditions for their interaction and the self-organization in a single dissipative system are created. 
The reasons for the appearance of autocatalysis in the given system and autocatalytic oscillations are 
studied. With the help of a phase-parametric diagram, the scenario of their appearance is analyzed. The 
bifurcations of the doubling of a period and the transition to chaotic oscillations according to the 
Feigenbaum scenario and the intermittence are determined. The obtained strange attractors are created as 
a result of the formation of a mixing funnel. Their complete spectra of Lyapunov indices, KS-entropies, 
“horizons of predictability,” and the Lyapunov dimensions of strange attractors are calculated. The 
conclusions about the reasons for variations of the cyclicity in the given metabolic process, its stability, 
and the physiological state of a cell are made. 
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attractor, Feigenbaum scenario. 
        
1  Introduction 
Gluconeogenesis is a biochemical process of formation of glucose from hydrocarbonless 
predecessors such as pyruvates, aminoacids, and glycerin. The biosynthesis of glucose runs 
analogously to glycolysis, but in the reverse direction. Gluconeogenesis is realized by means 
of the inversion of seven invertible stages of glycolysis. Three remaining stages of glycolysis 
are exergenous and, therefore, irreversible. They are replaced by three “by-pass reactions” 
that are thermodynamically gained for the synthesis of glucose. Since gluconeogenesis uses 
the same invertible reactions, as glycolysis does, its biochemical evolution occurred, 
apparently, jointly with glycolysis. Maybe, the symbiosis of these biochemical processes 
arose else in protobionts 3.5 bln years in Earth’s oxygenless atmosphere. It can be considered 
as one of the primary open nonlinear biochemical systems, being far from the equilibrium. 
The self-organization of the given biochemical system resulted in the appearance of a stable 
dissipative system independent of other biochemical processes of a primary broth. The 
directedness of the running of a reaction in it was determined by the energy-gained balance. 
The organic molecule ATP , which was formed as a result of glycolysis, became the principal 
carrier of the energy consumed in all other biochemical processes. This created the conditions 
of self-organization of other biochemical processes that used ATP  as the input product of a 
reaction. But if the need in glucose arose in other biochemical processes, the directedness of 
biochemical reactions in the system was changed by the opposite one. In the course of the 
subsequent biochemical evolution, the given dissipative system is conserved and is present in 
cells of all types, which indicates their common prehistory. 
Thus, the studies of the reactions of gluconeogenesis are determined in many aspects by 
the results of studies of glycolysis. The direct sequence of reactions with the known input and 
output products is studied easier than the reverse one. 
The experimental studies of glycolysis discovered autooscillations [1]. In order to explain 
their origin, a number of mathematical models were developed [2-4]. Sel’kov explained the 
appearance of those oscillations by the activation of phosphofructokinase by its product. In 
the Goldbeter--Lefever model, the origin of autooscillations was explained by the allosteric 
nature of the enzyme. Some other models are available in [5-7]. 
The present work is based on the mathematical model of glycolysis and gluconeogenesis, 
which was developed by Professor V.P. Gachok and his coauthors [8-10]. The peculiarity of 
his model consists in the consideration of the influence of the adeninenucleotide cycle and 
gluconeogenesis on the phosphofructokinase complex of the given allosteric enzyme. This 
allowed one to study the effect of these factors as the reason for the appearance of oscillations 
in glycolysis. 
At the present time, this model is improved and studied with the purpose to investigate 
gluconeogenesis. Some equations were added, and some equations were modified in order to 
describe the complete closed chain of the metabolic process of glycolysis-gluconeogenesis 
under anaerobic conditions. The developed complete model allows us to consider glycolysis-
gluconeogenesis as a united integral dissipative structure with a positive feedback formed by 
the transfer of charges with the help of NAD . Glycolysis with gluconeogenesis is considered 
as an open section of the biosystem, which is self-organized by itself at the expense of input 
and output products of the reaction in a cell, which is a condition of its survival and the 
evolution. The appearance of an autocatalytic process in the given dissipative structure can be 
a cause of oscillatory modes in the metabolic process of the whole cell. 
Gluconeogenesis occurs in animals, plants, fungi, and microorganisms. Its reactions are 
identical in all tissues and biological species. Phototrophs transform the products of the own 
photosynthesis in glucose with the help of gluconeogenesis. Many microorganisms use this 
process for the production of glucose from a medium, where they live. 
The conditions modeled in the present work are established in muscles after an intense 
physical load and the formation of a large amount of lactic acid in them. As a result of the 
running of the reverse reaction of gluconeogenesis, it is transformed again in glucose. 
 
2  Mathematical Model 
 
The given mathematical model describes glycolysis-gluconeogenesis under anaerobic 
conditions, whose output product is lactate. At a sufficient level of glucose, the process runs 
in the direct way. At the deficit of glucose, it runs in the reverse one: lactate is transformed in 
glucose. 
The general scheme of the process of glycolysis-gluconeogenesis is presented in Fig.1. 
According to it, the mathematical model (1) - (16) is constructed with regard for the mass 
balance and the enzymatic kinetics. 
The equations describe variations in the concentrations of the corresponding metabolites: 
(1) – lactate L ; (2) – pyruvate P ; (3) - 2-phosphoglycerate 3ψ ; (4) – 3-phosphoglycerate 
2ψ ; (5) - 1,3-diphosphoglycerate ( 1ψ ); (6) - fructose-1,6-diphosphate ( 2F ); (7) – fructose-6-
phosphate ( 1F ) ; (8) – glucose G ; (9), (10), and (11) - ATP , ADP , and AMP , respectively, 
form the adeninenucleotide cycle at the phosphorylation; (12) - 1R  and (13) - 2R  (two active 
forms of the allosteric enzyme phosphofructokinase; (14) - 1T   and (15) - 2T  (two inactive 
forms of the allosteric enzyme phosphofructokinase; (16) - HNAD ⋅  (where 
MtNADtHNAD =+⋅ + )()( ). 
Variations of the concentrations of omitted metabolites have no significant influence on 
the self-organization of the system and are taken into account in the equations generically. 
Since glycolysis and gluconeogenesis on seven sections of the metabolic chain are mutually 
reverse processes, only the coefficients are changed, whereas the system of equations 
describing glycolysis is conserved [8-10]. The model involves the running of gluconeogenesis 
on the section: glucose - glucose-6-phosphate. Here in the direct way with the help of the 
enzyme hexokinase, the catabolism of glucose to glucose-6-phosphate occurs. In the reverse 
direction with the help of the enzyme glucose-6-phosphatase, glucose is synthesized from 
glucose-6-phosphate. Thus, the positive feedback is formed on this section. 
 
 
 Fig.1. General scheme of the metabolic process of glycolysis-gluconeogenesis. 
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 Here, )1/()( XXXV +=  is the function that describes the adsorption of the enzyme in the 
region of a local coupling. The variables of the system are dimensionless [8-10]. We take 
;046.02 =l  ;0017.03 =l  ;01334.04 =l  ;3.05 =l  ;001.06 =l  ;01.07 =l  ;0535.08 =l  
;001.09 =l  ;07.01 =k  ;01.02 =k  ;0015.03 =k  ;0005.04 =k  ;05.05 =k  ;005.06 =k  
;03.07 =k  ;005.08 =k  ;3.01 =m  ;15.02 =m  ;6.13 =m  ;0005.04 =m  ;007.05 =m  ;106 =m  
;0001.07 =m  ;0000171.08 =m  ;5.09 =m  ;4.180 =G  ;005.0=L  ;1000=S  ;6779.0=A  
;005.0=M  ;1501 =S  ;5.184=α  ;250=β  ;3.0=δ  .7.79=γ  
In the study of the given mathematical model (1)-(16), we have applied the theories of 
dissipative structures [11] and nonlinear differential equations [12,13], as well as the methods 
of mathematical modeling used in author’s works [14-34]. In the numerical solution, we 
applied the Runge--Kutta--Merson method. The accuracy of calculations is 810− . The 
duration for the system to asymptotically approach an attractor is 610 . 
 
3  The Results of Studies 
 
The mathematical model includes a system of nonlinear differential equations (1)-(16) 
and describes the open nonlinear biochemical system involving glycolysis and 
gluconeogenesis. In it, the input and output flows are glucose and lactate. Namely the 
concentrations of these substances form the direct or reverse way of the dynamics of the 
metabolic process. Both processes are irreversible and are running in the open nonlinear 
system, being far from the equilibrium. The presence of the reverse way of gluconeogenesis 
in the glycolytic system is the reason for the autocatalysis in it. In addition, the whole 
metabolic process of glycolysis is enveloped by the feedback formed by redox reactions with 
the transfer of electrons with the help of NAD  (16) and the presence of the adeninenucleotide 
cycle (9) – (11) (Fig.1). 
We now study the dependence of the dynamics of the metabolic process of glycolysis-
gluconeogenesis on the value of parameter 5l  characterizing the activity of gluconeogenesis. 
The calculations indicate that, as the value of this parameter increases to 0.234, the system 
passes to the stationary state. As this parameter increases further, the autooscillations of a 1-
fold periodic cycle 021⋅  arise and then, at  2369.05 ≈l , transit to chaotic ones - x2⋅ . The 
analogous behavior of the system is observed at larger values of 5l . As the parameter 
decreases to 0.43, the system stays in a stationary state. If the parameter 5l  decreases further, 
the system gradually transits in a 1-fold periodic cycle 021⋅ , and the region of oscillatory 
dynamics arises. 
Let us consider the oscillatory dynamics of this process. We constructed the phase-
parametric diagrams, while 5l  varies in the intervals 0.235 – 0.28 and 0.25 – 0.266 
(Fig.2,a,b). The diagrams are presented for fructose-6-phosphate 1F . We emphasize that the 
choice of a diagram for the namely given variable is arbitrary. The diagrams of other 
components are analogous by bifurcations. We want to show that the oscillations on the 
section fructose-6-phosphate – fructose-1,6-biphosphate can be explained by the oscillations 
of fructose-6-phosphate caused by gluconeogenesis, rather than the allosteric property of the 
enzyme phosphofructokinase. 
 Fig. 2. Phase-parametric diagram of the system for the variable )(1 tF : 
a - )28.0,235.0(5 ∈l ; b - )266.0,25.0(5 ∈l . 
The phase-parametric diagrams were constructed with the help of the cutting method. In 
the phase space, we took the cutting plane at 0.12 =R . This choice is explained by the 
symmetry of oscillations )(1 tF  relative to this point. At the cross of this plane by the 
trajectory, we fix the value of each variable. If a multiple periodic limiting cycle arises, we 
will observe a number of points on the plane, which coincide in the period. If a deterministic 
chaos arises, the points, where the trajectory crosses the plane, are located chaotically. 
Considering the diagram from right to left, we may indicate that, at 278.05 =
jl , the first 
bifurcation of the period doubling arises. Then at 265.015 =+jl  and 262215.025 =+jl , we see 
the second and third bifurcations, respectively. Further, the autooscillations transit in the 
chaotic mode due to the intermittence. The obtained sequence of bifurcations satisfies the 
relation  
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This number is very close to the universal Feigenbaum constant. The transition to the 
chaos has happened by the Feigenbaum scenario [35]. 
It is seen from Fig.2,a,b that, for 25612.05 =l  and 2451.05 =l , the periodicity windows 
appear. Instead of the chaotic modes, the periodic and quasiperiodic modes are established. 
The same periodicity windows are observed on smaller scales of the diagram. The similarity 
of diagrams on small and large scales means the fractal nature of the obtained cascade of 
bifurcations in the metabolic process created by gluconeogenesis. 
As examples of the sequential doubling of a period of autoperiodic modes of the system 
by the Feigenbaum scenario, we present projections of the phase portraits of the 
corresponding regular attractors in Fig.3,a-c. In Fig.3,d-f, we show some regular attractors 
arising in the periodicity windows. For 256.05 =l , the 3-fold periodic mode 023 ⋅  is formed. 
For 2556.05 =l , we observe the 5-fold mode. Then, as 245.05 =l , the 3-fold periodic cycle is 
formed again. 
 
 Fig.3. Projections of phase portraits of the regular attractors of the system: 
a - 121 ⋅ , for 268,05 =l ; b - 221⋅ , for 264.05 =l ; c - 421⋅ , for 262.05 =l ; 
d - 023 ⋅ , for 256.05 =l ; e - 025 ⋅ , for 2556.05 =l ; and f - 023 ⋅ , for 245.05 =l . 
In Fig. 4,a,b, we give projections of the strange attractor x2  for 25.05 =l . The obtained 
chaotic mode is a strange attractor. It appears as a result of the formation of a funnel. In the 
funnel, there occurs the mixing of trajectories. At an arbitrarily small fluctuation, the periodic 
process becomes unstable, and the deterministic chaos arises. 
 
 
Fig.4. Projections of the phase portrait of the strange attractor x2  for 25.05 =l : a – in the 
plane ),( 2 PT , b – in the plane ),( 11 FR . 
 
In Fig.5,a,b, we present, as an example, the kinetics of autooscillations of some 
components of the metabolic process in a 1-fold mode for 3.05 =l  and in the chaotic mode 
for 25.05 =l . The synchronous autooscillations of fructose-6-phosphate and the inactive form 
2T  of the allosteric enzyme phosphofructokinase are replaced by chaotic ones. 
 
 
Fig.5. Kinetic curves of the variables: )(1 tF  - a and )(2 tT - b in the 1-fold periodic mode for 
3.05 =l  (1) and in the chaotic mode for 25.05 =l  (2). 
 
While studying the phase-parametric diagrams in Fig.2,a,b, it is impossible beforehand to 
determine, for which values of parameter 5l  a multiple stable (quasistable) autoperiodic cycle 
or a strange attractor is formed. 
For the unique identification of the type of the obtained attractors and for the 
determination of their stability, we calculated the complete spectra of Lyapunov indices 
1621 ,..., λλλ  for chosen points and their sum jj λ16 1=∑=Λ . The calculation was carried out by 
Benettin’s algorithm with the orthogonalization of the perturbation vectors by the Gram--
Schmidt method [13]. 
As a specific feature of the calculation of these indices, we mention the difficulty to 
calculate the perturbation vectors represented by 1616 ×  matrices on a personal computer. 
Below in Table 1, we give several results of calculations of the complete spectrum of 
Lyapunov indices, as an example. For the purpose of clearness, we show only three first 
indices 31 λλ − . The values of 164 λλ −  and  Λ  are omitted, since their values are not 
essential in this case. The numbers are rounded to the fifth decimal digit. For the strange 
attractors, we calculated the following indices, by using the data from Table 1. With the use of 
the Pesin theorem [36], we calculated the KS-entropy (Kolmogorov-Sinai entropy) and the 
Lyapunov index of a “horizon of predictability” [37]. The Lyapunov dimension of the 
fractality of strange attractors was found by the Kaplan--Yorke formula [38,39]: 
By the calculated indices, we may judge about the difference in the geometric structures 
of the given strange attractors. For 25.05 =l , the KS-entropy takes the largest value 
00014.0=h . In Fig.4,a, we present the projection of the given strange attractor. For 
comparison, we constructed the strange attractors for 26.05 =l  (Fig.6,a) and 237.05 =l  
(Fig.6,b). Their KS-entropies are, respectively, 0.00008 and 0.00005. The comparison of the 
plots of the given strange attractors is supported by calculations. The trajectory of a strange 
attractor (Fig.4,a) is the most chaotic. It fills uniformly the whole projecton plane of the 
attractor. Two other attractors (Fig.6,a,b) have the own relevant regions of attraction of 
trajectories. The phase space is divided into the regions, which are visited by the trajectory 
more or less. 
 
Fig.6. Projections of the phase portraits of the strange attractors x2  in the plane ),( 2 PT : 
a  –  for 26.05 =l  and b – for 237.05 =l . 
Table 1. Lyapunov indices, KS-entropy, “horizon of predictability,” and the Lyapunov 
dimension of the fractality of strange attractors calculated for various modes 
5l  Attrac
tor 
1λ  2λ  3λ  h  mint  rFD  
0.28 021⋅  .00000 -.00008 -.00010 - - - 
0.264 121 ⋅  .00000 -.00005 -.00008 - - - 
0.262 221⋅  .00000 -.00005 -.00009 - - - 
0.26 x2  .00008 .00000 -.00008 .00008 12500 4 
0.257 x2  .00007 .00000 -.00008 .00007 14285.7 3.9 
0.256 023 ⋅  .00000 -.00006 -.00007 - - - 
0.2556 025 ⋅ . .00000 -.00005 -.00009 - - - 
0.254 x2  .00009 .00000 -.00009 .00009 11111.1 4 
0.252 x2  .00012 .00000 -.00010 .00012 8333.3 4.2 
0.25 x2  .00014 .00000 -.00009 .00014 7142.9 4.6 
0.248 x2  .00009 .00000 -.00007 .00009 11111.1 4.3 
0.247 x2  .00013 .00000 -.00010 .00013 7692.2 4.3 
0.2463 x2  .00008 .00000 -.00011 .00008 12500 3.7 
0.245 023 ⋅  .00000 -.00011 -.00011 - - - 
0.242 x2  .00010 .00000 -.00008 .00010 10000 4.25 
0.24 x2  .00006 .00000 -.00009 .00006 16666.7 3.7 
0.239 x2  .00006 .00000 -.00010 .00006 16666.7 3.6 
0.238 x2 . .00011 .00000 -.00010 .00011 9090.9 4.1 
0.237 x2  .00005 .00000 -.00008 .00005 20000 3.6 
 
The Lyapunov dimensions of the given strange attractors are changed analogously. We 
have, respectively: 4.6, 4, and 3.6. These values characterize generally the fractal dimension 
of the given attractors. If we separate small rectangular area on one of the phase curves in 
each of the given plots and increase them, we will see the geometric structures of the given 
strange attractors on small and large scales. Each arisen curve of the projection of a chaotic 
attractor is a source of formation of new curves. Moreover, the geometric regularity of 
construction of trajectories in the phase space is repeated for each strange attractor. In the 
given case, the best geometric self-similarity conserves in the presented strange attractors in 
the following sequence: Fig.4,a, Fig.6,a, and Fig.6,b. 
 
The value of “horizon of predictability” mint  for the modes presented in the table is the 
largest for 237.05 =l  (Fig.6,b). The narrow regions of attraction of the projection of the 
strange attractor correspond to the most predictable kinetics of the running metabolic process. 
From all metabolic chaotic modes, this mode is the mostly functionally stable for a cell. 
The above-described study of the process of glycolysis-gluconeogenesis with the help of 
a change of the coefficient of positive feedback 5l  indicates that, in the given metabolic 
process under definite conditions, the autocatalysis arises. The value of 5l  determines the 
activity of gluconeogenesis on the section of the transformation of glucose-6-phosphate in 
glucose. This reaction is catalyzed by the enzyme glucose-6-phosphatase. This phosphatase is 
magnesium-dependent. If the magnesium balance is violated or some other factors come in 
play, the rate of this reaction varies. In addition, the absence of some coenzymes in a cell 
affects essentially also the rates of other enzymatic reactions, which can lead to the 
desynchronization of metabolic processes. As a result, the autooscillations arise in the 
metabolic process of glycolysis-gluconeogenesis. The autooscillations can be autoperiodic 
with various multiplicities or chaotic. Their appearance can influence the kinetics of the 
metabolic process in the whole cell and its physiological state. 
 
Conclusions 
 
With the help of a mathematical model, we have studied the influence of gluconeogenesis 
on the metabolic process of glycolysis.  The metabolic chain of glycolysis-gluconeogenesis is 
considered as a single dissipative system arisen as a result of the self-organization, i.e., as a 
product of the biochemical evolution in protobionts. The reasons for the appearance of 
autocatalysis in it are investigated. A phase-parametric diagram of autooscillatory modes 
depending on the activity of gluconeogenesis is constructed. We have determined the 
bifurcations of the doubling of a cycle according to the Feigenbaum scenario and have shown 
that, as a result of the intermittence, the aperiodic modes of strange attractors arise. The 
fractal nature of the calculated cascade of bifurcations is demonstrated. The strange attractors 
arising as a result of the formation of a mixing funnel are found. The complete spectra of 
Lyapunov indices for various modes are calculated. For strange attractors, we have calculated 
the KS-entropies, “horizons of predictability,” and the Lyapunov dimensions of the fractality 
of attractors. The structure of a chaos of the given attractors and its influence on the stability 
of the metabolic process, adaptation, and functionality of a cell are studied. It is shown that a 
change of the cyclicity in the metabolic process in a cell can be caused by the violation of the 
magnesium balance in it or the absence of some coenzymes. The obtained results allow one to 
study the influence of gluconeogenesis on the self-organization of the metabolic process in a 
cell and to find the reasons for a change of its physiological state. 
 
The work is supported by project N 0112U000056 of the National Academy of Sciences of 
Ukraine. 
 
References 
 
1. B. Hess and A. Boiteux. Oscillatory phenomena in biochemistry.  Annu. Rev. Biochem.,40, 237–
258, 1971. 
2. Higgins J., A chemical mechanism for oscillation of glycolytic intermediates in yeast cells, Proc., 
Nat., Acad. Sci. USA, 51, 989-994, 1964. 
3. Selkov E.E. Self-oscillations in glycolysis. Europ. J. Biochem.,4, 79-86, 1968. 
4. Goldbeter A, Lefever R. Dissipative structures for an allosteric model. Application to glycolytic 
oscillations. Biophys J., 12, 1302–1315, 1972. 
5. Drozdov-Tikhomirov L.N., Skurida G.I., Alexandrov A.A. The enzyme activity by allosteric 
regulation model based on the composed nature of catalytic and regulatory sites concept. J. Biomol. 
Struct. Dyn., 16, 917-929, 1999. 
6. A. Godlbeter and R. Caplan. Oscillatory enzymes. Annu Rev Biophys Bioeng., 5, 449–476, 1976. 
7. Chaos in Chemical and Biochemical System / Ed. By R. Field, L. Györgyi, World Scientific Press, 
Singapore, 1993. 
8. V.P. Gachok, Ya.M. Yakymiv. The strange attractors in a dynamic system of glycolysis with 
regulations. Dokl. Akad. Nauk SSSR, 300, 5, 1095-1099, 1988. 
9. V.P. Gachok, Kinetics of Biochemical Processes, Naukova Dumka, Kiev, 1988. (in Russian) 
10. V.P. Gachok, Strange Attractors in Biosystems, Naukova Dumka, Kiev, 1989, (in Russian) 
11. G. Nicolis and I. Prigogine, Self-Organization in Nonequilibrium Systems. From Dissipative 
Structures to Order through Fluctuations, Wiley, New York, 1977. 
12. V. S. Anishchenko. Complex Oscillations in Simple Systems, Nauka, Moscow, 1990 (in Russian). 
13. S. P. Kuznetsov. Dynamical Chaos, Nauka, Moscow, 2001 (in Russian). 
14. V. P. Gachok and V. I. Grytsay. Kinetic model of macroporous granule with the regulation of 
biochemical processes. Dokl. Akad. Nauk SSSR, 282, 51–53, 1985. 
15. V. P. Gachok, V. I. Grytsay, A. Yu. Arinbasarova, A. G. Medentsev, K. A. Koshcheyenko and V. 
K. Akimenko. Kinetic model of hydrocortisone 1-en dehydrogenation by Arthrobacter globiformis. 
Biotechn. Bioengin., 33, 661–667, 1989. 
16. V. P. Gachok, V. I. Grytsay, A. Yu. Arinbasarova, A. G. Medentsev, K. A. Koshcheyenko and V. 
K. Akimenko. A kinetic model for regulation of redox reactions in steroid transformation by 
Arthrobacter globiformis cells. Biotechn. Bioengin., 33, 668–680, 1989. 
17. V. I. Grytsay. Self-organization in the macroporous structure of the gel with immobilized cells. 
Kinetic model of bioselective membrane of biosensor. Dopov. Nats. Akad. Nauk Ukr., no. 2, 175–
179, 2000. 
18. V. I. Grytsay. Self-organization in a reaction-diffusion porous media. Dopov. Nats. Akad. Nauk 
Ukr., no. 3, 201–206, 2000. 
19. V.I. Grytsay. Ordered structure in a mathematical model biosensor. Dopov. Nats. Akad. Nauk Ukr. 
no. 11, 112–116, 2000. 
20. V.I. Grytsay. Self-organization of biochemical process of immobilized cells of bioselective 
membrane biosensor. Ukr. J. Phys., 46, 1, 124–127, 2001. 
21. V. V. Andreev and V. I. Grytsay. The modeling of nonactive zones in porous granules of a catalyst 
and in a biosensor. Matem. Modelir., 17, 2, 57–64, 2005. 
22. V. V. Andreev and V. I. Grytsay. Influence of heterogeneity of diffusion-reaction process for the 
formation of structures in the porous medium. Matem. Modelir., 17, 6, 3–12, 2005. 
23. V. I. Grytsay and V. V. Andreev. The role of diffusion in the active structures formation in porous 
reaction-diffusion media. Matem. Modelir., 18, 12, 88–94, 2006. 
24. V. I. Grytsay. Unsteady conditions in porous reaction-diffusion. Medium Romanian J. Biophys., 17, 
1, 55–62, 2007. 
25. V. I. Grytsay. The uncertainty in the evolution structure of reaction-diffusion medium bioreactor. 
Biofiz. Visn., 2, 92–97, 2007. 
26. V. I. Grytsay. Formation and stability of morphogenetic fields of immobilized cell in bioreactor. 
Biofiz. Visn., 2, 25–34, 2008. 
27. V. I. Grytsay. Structural instability of a biochemical process. Ukr. J. Phys., 55, 5, 599–606, 2010. 
28. V. I. Grytsay and I. V. Musatenko. Self-oscillatory dynamics of the metabolic process in a cell. 
Ukr. Biochem. J., 85, 2, 93–104, 2013. 
29. V. I. Grytsay and I. V. Musatenko. The structure of a chaos of strange attractors within a 
mathematical model of the metabolism of a cell. Ukr. J. Phys., 58, 7, 677–686, 2013. 
30. V. I. Grytsay and I. V. Musatenko. A mathematical model of the metabolism of a cell. Self-
organisation and chaos. Chaotic modeling and simulation. CMSIM, 4, 539-552, 2013. 
31. V. I. Grytsay and I. V. Musatenko. Self-organization and fractality in metabolic processes of the 
Krebs cycle. Ukr. Biokhim. Zh., 85, 5, 191-199, 2013. 
32. V. I. Grytsay and I. V. Musatenko. Self-organization and chaos in the metabolism of a cell, 
Biopolymers and Cell, 30, 5, 404-409, 2014. 
33. V. I. Grytsay and I. V. Musatenko. Nonlinear self-organization dynamics of a metabolic process of 
the Krebs cycle. Chaotic Modeling and Simulation. CMSIM, 3, 207-220, 2014. 
34. V. I. Grytsay. Lyapunov indices and the Poincare mapping in a study of the stability of the Krebs 
cycle, Ukr. J. Phys., 60, 6, 564-577, 2015. 
35. M. J. Feigenbaum. Quantative universality for a class of nonlinear transformations. J. Stat. Phys., 
19, 1, 25–52, 1978. 
36. Ya. B. Pesin. Characteristic Lyapunov indices and the ergodic theory. Usp. Mat. Nauk, 32, 4, 55–
112, 1977. 
37. A. N. Kolmogorov. On the entropy per unit time as a metric invariant of automorphisms. DAN 
SSSR, 154, 754–755, 1959. 
38. J. L. Kaplan and J. A. Yorke. The onset of chaos in a fluid flow model of Lorenz. Ann. N. Y. Acad. 
Sci., 316, 400–407, 1979. 
39. J. L. Kaplan and J. A. Yorke. A chaotic behaviour of multidimensional differential equations. 
Functional Differential Equations of Fixed Points, edited by H. O. Peitgen, H. O. Walther, 
Springer, Berlin, 1979, 204-227. 
 
